We prove the existence of a simple, isolated, positive principal eigenvalue for the quasilinear elliptic equation −∆ p u = λg(x)|u| p−2 u, x ∈ R N , lim |x|→+∞ u(x) = 0, where ∆ p u = div(| u| p−2 u) is the p-Laplacian operator and the weight function g(x), being bounded, changes sign and is negative and away from zero at infinity.
Introduction
In this paper, we prove the existence of a positive principal eigenvalue of the following quasilinear elliptic problem:
setting of problem (1.1)-(1.2), and give some equivalent norm results to be used later. A generalized version of Poincaré's inequality plays a crucial role. Some of the ideas developed in this section appear also in a different context in [9] . In Section 3, we define the basic operators for the construction of the first positive eigenvalue, the proof which is based on Ljusternik-Schnirelmann's theory. Also here, we derive some regularity results. Finally, in Section 4, we establish the simplicity and isolation of the principal eigenvalue. . Also, sometimes when the domain of integration is not stated, it is assumed to be all of R N . Equalities introducing definitions are denoted by "=:". Denote g ± =: max{±g,0}.
Space setting
In this section, we are going to characterize the space ᐂ g (introduced below) in terms of classical Sobolev spaces. Let B be a ball centered at the origin of R N , such that B g(x)dx < 0 and g(x) ≤ −k, for all x ∈ B * . First, we prove the following type of Poicaré's inequality.
|u| p dx ≤ 0, then obviously the inequality holds.
(ii) Let R N g(x)|u| p dx > 0 then we can rewrite the above inequality as follows:
To complete the proof of the theorem, since g(x) ≤ −k < 0 for all x ∈ B * , it is enough to prove that there exists α > 0 such that
where B is such that B g(x)dx < 0 and g(x) ≤ −k < 0, for all x ∈ B * . Suppose that the result is not true. This means that there exists a sequence {u n } in W 1,p (B) such that
where K B =: max{|g(x)| : x ∈ B}. Hence {v n } is a bounded sequence in W 1,p (B). Thus there is a subsequence-denoted again by {v n }-which will converge strongly to some v in L p (B). We also know that Furthermore, for all p ∈ [1,+∞), we have that which is a contradiction and the proof is completed.
By the above result, we may introduce the following norm:
We define the space ᐂ g to be the completion of C ∞ 0 with respect to the norm · g . Let ᐂ * g be the dual space of ᐂ g with the pairing (·,·) ᐂ . Note that ᐂ g is a uniformly convex Banach space. Although the space ᐂ g would seem to depend on g, we will prove that the space is independent of g. To achieve this result, we need the following two lemmas.
Corollary 2.2. Under the assumptions of Theorem 2.1, for all
Proof. Suppose that { B g|u n | p dx} becomes unbounded, as n → ∞. Since g < 0, for all x ∈ B * , we have that 
which is a contradiction, and thereby the proof is complete.
To prove the next results, we need to introduce the following notation:
Lemma 
Assume that the hypotheses of Theorem 2.1 are valid. Then there exist constants
where
. Hence, we have that
be a Cauchy sequence in ᐂ g converging in some u ∈ ᐂ g . Then, relations (2.10) and (2.16) imply that 
Principal eigenvalue and regularity results
In this section, we are going to define the basic operators and some of their characteristics, which will help to prove the existence of a positive principal eigenvalue of problem (1.1)-(1.2). Finally, we close this section by proving some regularity results.
For any r 0 large enough (r 0 ≥ R 0 ), there exists σ 0 > 0 such that g(x) ≤ −k/σ 0 , for all |x| ≥ r 0 . For later needs, we introduce the following smooth splitting of the weight function g:
Let us define the operator A λ : D(A λ ) ⊂ W 1,p → W 1,q as follows:
We can then define the mapping
It is easy to see that a λ is bounded, for all u,v ∈ D(A λ ) and λ > λ 0 . Indeed, we have
Next, we introduce the following form:
We see that b(u,v) is bounded, that is, with the help of the Hölder inequality and the definition of g 1 , for all u,v ∈ W 1,p , we have {u n } is a sequence in W 1,p , with u n u, then there is a subsequence,  denoted again by {u n }, such that B(u n ) → B(u) .
(
Proof. (i) Now suppose that u n u in W 1,p . We have
Note that from the definition of g 1 (x) and for any > 0, we can choose a K > 0 so that | |x|>K g 1 (x)(|u n | p−2 u n − |u| p−2 u)v| = 0, while for this fixed K and by the strong convergence of u n → u in L q on any bounded region, the integral over (|x| ≤ K) is smaller than , for n large enough. Hence, we have proved that B(u n ) → B(u) strongly in W 1,q , which means that B is a compact operator.
(ii) For the proof, see [5, Theorem 1] . Proof. (i) We will just sketch the proof. Denote that
The functional I is even and bounded below on G. Since the critical points of I(u) on G are solutions of problem (1.1)-(1.2) for certain value of λ, to continue the procedure, it is necessary to prove that I(u) satisfies the Palais-Smale condition on G, that is, for any sequence {u n } ⊂ G, if the sequence {I(u n )} is bounded and I u n − a n Ψ u n −→ 0, a n : (ii) This follows the standard maximum principle arguments (e.g., see [7] ).
The next theorem examines the regularity as well as the L pk character and asymptotic behavior of the W 1,p solutions of problem (1.1)-(1.2) . p is a solution of problem (1.1)-(1.2) . Then u ∈ L pk , for all p k ∈ [pc,+∞] and the solutions u(x) decay uniformly to zero, as |x| → +∞. Therefore, u ∈ L pk+1 (R N ). Hence we may deduce from the above inequality that u ∈ L ∞ (R N ). But, we already know that u ∈ L p1 (R N ) L ∞ (R N ). Thereby, we have that u ∈ L pk (R N ), for all p k ∈ [p 1 ,+∞]. By Theorem 1 of Serrin [8] , for any ball B r (x) of radius r centered at any x ∈ R N and some constant C(N, p 2 ), the solution u ∈ W 1,p of the equation L q (B2(x)) , (3.16) for any x ∈ R N . Hence |u| p−1 belongs to L q (R N ) and the uniform decay of u(x) to zero, as |x| → +∞, is proved.
